19

PARITY. DIRECT PRODUCT OF TWO
TRIVECTORS.

19.1 Electro-Weak "Force'": 3D Formulation of the Biot-Savart Law

In this Chapter, we show the 3D formulation of the Biot-Savart Law by substituting
associative products in place of dot and cross products. It is shown that the electro-
weak force is a trivector. The word "force" in this phrase is misleading as no physical
three dimensional force occurs; only a "trivector." The term parity occurs in the
following dicussions. It is defined as fallows. If a quantity or an experiment is
invariant when projected through the origin if is said to satisfy parity. If it changes
sign, then it violates parity. For example e;eses violates partity

The Biot-Savart law specifying the magnetic field at a distance r from source
current g,v, is

_ MquVs Xr

B,
43

= lghkvs X T =pok (iBs, + jBsy + kBs.,) k=1/4mr®  (19.1)

The force on a test current ¢, v, is given by Faraday’s law
Fio = qvi X Bs = 1okqiqsve X (Vs X 1) (19.2)

ry; is the distance from element of current ¢,v, to element of current g,v;.

Now express Eq. (19.1) in 3-dimensional Clifford algebra by replacing the cross
product v, X r by the associative product v,r . Normally we would simply replace
vy Xr by the wedge product viAr = (vsr — rv,) /2. Our motivation in replacing the
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cross product by the associative product is to explore the possibility that additional
terms may yield new interactions of physical significance. This is in line with our
hypothesis that all physics is contained in the information and constraints provided
by space-time algebra. In this initial exercise we limit ourselves to 3 dimensional
Clifford algebra. Next we will write all relationships in space-time algebra, that is,
time will be included as the fourth dimension. Replacing v x r in Eq. (19.1) by

vir = (Vir4rvy) /24 (Vir —rvy) /2=vV,er+ v Ar (19.3)
= (Usa + Vsyy + V5,2)
+ (yvy — zvy) e1€2 + (2, — 2v,) €3e + (2v, — Yv,) €2e3
= ver+ Bgee; + Byese; + Byese; (19.4)

Now multiply the bivector in (19.4) by (e;eses3) (—ejese3) = 1to obtain:

vir = (ver)+ ejese;[(zv, —avy)es + (vv, — 2v,) €2 + (2vy, — Yv,) €]
or in partial Gibbs notation
vir = (ver)+ ejeres[By.e3+ Byyer + Byye]
= (vser)+ (Vs Ar) = (vs 1)+ ejere;(vs Xr)
= (vser)+ejeresB; (19.5)
e, e, e;
Bs =vsXr=| 05 Usy Vs | = Bger+ Bsyes+ Bs.e3
r oy oz

The direct or associative product of two pure multivectors a and b can always be
written

ab = (ab + ba) /2 + (ab — ba) /2 (19.6)

The first term is called the symmetric or inner or dot product. the second term is
called the anti-symmetric or outer or wedge product.

The rank or blade of a pure multivector refers to the number of unit vectors
composing it. Eq. (19.3) is the direct product of two pure vectors. The symmetric
product in this case is the lower rank object (a scalar) and the wedge product is
a bivector. We define the dot product in general as the term in (19.3) that yields
the lower rank multivector. When a and b are vectors this is the combination
(ab + ba) /2 in Eq. (19.3) since it is a scalar. The terms (ab — ba) /2 in this case
is a bivector. Eq. (19.10) is the direct product of a bivector and a vector. In this
case the symmetric sum is a trivector and the antisymmetric sum is a vector, a
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lower rank object. However, we now designate antisymmetric sum by the dot so
that B e v = (Bv — vB) /2. This means that we have to know which combination
in (19.6) is the lower rank before using the dot notation. A formula can be written
giving that specifies the combination of wedge and dot products of multivectors that
will result in a higher or lower rank. However, in the present case, we deal only with
four pure multivectors ey, e, e; and e3 so it is a simple matter to simply evaluate
the direct product of the 2 multivectors if interest and then, by inspection, assign the
dot product notation a e b to whichever combination (ab + ba) /2 or (ab — ba) /2
is the lower rank combination. Greider adopted this notation and we follow it here
by force of habit. It is a kind of hangover from Gibbs notation where a - b is a
scalar and the cross product a x b is a vector. One can eliminate possible confusion
by not introducing the dot, e, and wedge notation, but simply write (ab + ba) /2 ,
(ab — ba) /2 and assign the dot or wedge notation for these sums. Greider’s student,
John Ross, always defined the combination (ab + ba) /2 as the dot product a e b,
and (ab — ba) /2 as the wedge product a A b . This is a reasonable notation but the
dot product then is not always the lower rank combination.
tokgs (Vs x r) in Eq. (19.1) has been replaced by

tokqs (vsr) = pokgs (veor + vy Ar) = pgkqs [vs - T+ ejeses (v X 1) (19.7)

The right hand side has been expressed in a mixed notation since we have written
Vs X T =ejege3 (Vs Xxr)and vy r = v er.

Now further generalize the force equation Eq. (19.2) by replacing v; X (v X r)
by the associative product (ver)v,. That is, the first associative product (v,r) is
followed by its associative product with v;. The order of v; and (v,r) is chosen to
give a positive sign later. We then conjecture that the force of ¢,v, on ¢v; is

Fio = pokqqs|[(vier)vy+ (Vs Ar) vy (19.8)
where vs AT = DBj.eje; + B, ese; + Byese; (19.9)
Vs T = Vgl + VUsyy + Vs 2

Set the term (v, er)v, aside for the moment and examine

Vec Triv
(vsAr)vy = Byvy = (stt — VtBS) /2 + (Bth + vtBs) /2 (19.10)
stt = Bs.vt+BsAvt (1911)
= [(UtyBsz - UtzBsy) (S + (UtzBsx - UtCCBSZ) €7 + (Uthsy - UtyBsa:> 83]
+ejeze; (v By + vy By + v, B,) (19.12)

= B;ev;+ejere; (v, By)
= (Vt X Bs) + ejeqes (UtzBSJ: + 'UtyBsy + UtzBsz)
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The vector term (Bg e v;) in Eq. (19.11) has the same sign as v; x B in the vector
expression for the force Fys of ¢svs on ¢vy, Eq. (19.2). Therefore the magnetic
force of ¢sv, on ¢, v, in Clifford algebra is given by

Ftsz(Vs/\I').Vt:Bs.Vt:_Vt.Bs

Going back to Eq. (19.8) we then have (note: v A By = B, A vy)

I 11 11
Fis = pokaqiqs [vi(vser)+ Bev, + BAvY] (19.13)
! 1 !
new term Faraday new term
Scalar field ~ vector force (trivector)

acting on Vec
Details:

stt - (BszeleQ + Bsye3e1 + BsereS) (Utxel + Uty €2 + Utze3>
= _Ut:chze2 + UtyBszel + UtzBsze1e2€3
_'_UthsyeS + UtyBsyele2e3 - UtzBsyel
+Ut.Z’BS$eleQe3 - UtyBsareS + UtzBSJJGZ
— (UtyBsz - UtzBsy) €1 + (UtzBsm - Uthsz) €2 + (UtrBsy - UtyBs:p) €3
+ (Ut:rBsm + UtyBsy + UtzBsz) €1€2€3
VtBs - (Utzel + Uty €2 + UtzeS) (BszeleQ + Bsye3e1 + Bsme2e3)
Ut:rBsze2 - UthsyeS + UtzBsxele2e3
_vtyBszel + UtyBsyele2eS + 'UtyBsxe?)

+vtzBszeleQe3 + UtzBsyel - UtzBs:CGQ

= (UtzBsy - UtyBsz) €1 + (Uta:Bsz - U2Bsm) €2 + (UtyBsmUthsy) €3
+ (vths:E + 'UtyBsy + /UtzBsz) €1€e2€3

add
(stt + VtBs) = 2[(Uthsx + UtyBsy + UtzBsz) 818293] = 2Bs N Vi

subtract

(stt - VtBs) = 2 [(UtyBsz - UtzBsy) €1 + (UtzBsz - Uthsz) €9
+ (Uthsy — UtyBSJI) eg] = 2 (Bs [ ] Vt) = 2 (Vt X Bs)
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Thus, in summary

(Bsvi+v;By) /2 = (BsAvy) = ejere; (v - Bg) = triv (19.14)
(Bsvi —v¢Bg) /2 = (Bsevy) = (vy x By) = vec (19.15)

Egs. (19.13) and (19.15) express the result in both Clifford algebra and Gibbs nota-
tion.

Note that for all pairs of multivectors B, A v; = v; A By

Since

€1 € €3
Vi X Bs = Utg Uty Utz
Bsm Bsy Bsz
— (UtyBsz - UtzBsy> €1 + (UtzBsm - Uthsz) €2 + (Uthsy - UtzBs:r) €3

B,v,; may be written in the natural Clifford notation or in the usual Gibbs notation.

Cl. Alg. Gibbs
B,vi =B ev, + B, Av, = v, x B, + ejese;3 (v, - By)

The term pykqsq:Bs ® v; gives the Faraday law in Clifford notation. Terms I and
IIT in (19.13) are new. Consider the new term B A v; in Eq. (19.13).

MOthBs A V= Hothele2‘33 (Ut:rBsx + UtyBsy + UtzBsz) = ,U/qutele2e3 (Vt : Bs)
(19.16)
q;v; may be replaced by current density j; or momentum p.. Thus

qtVe — Pe

1okBs may be replaced by the nuclear angular momentum r A p, = L, since it
is a bivector. Then
tokBs — J,, = nuclear spin

and (19.16) could then be replaced by

GV A /jJOkBS — €1€2€3 P¢ * Jn = €e1€63€e3 (pezjnx +pey<]ny + peanz) (1917)

Eq. (19.17) is a trivector, e;eze3 multiplied by a scalar s = peyJng +Pey Jny +Pez Inz-
That is, one has a quantity 8" = se;eses. s’ is called a pseudo scalar (or trivector) since
s> = —1. The quantity s = s’e;ese3 does not remain invariant under inversion: when
e1, €,, es are replaced by their negatives, it changes sign. Therefore it violates parity
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conservation. Parity conservation means that the equation describing the interaction
is invariant under inversion. Note that in space-time algebra formulation we do not
need to look at the coefficient peyJng + PeyJny + PezJnz- It is simply a scalar.

Lee and Yang, however, examined the quantity pe, Jna + PeyJny + Pe>Jn. Which they
write as pe - J,,. Note that the corresponding quantity in Clifford algebra formalism
is

Pe A Jn = e1€eze3 (pe:pJnx +pey<]ny +peanz) (1918)

The right hand side of (19.18) is a trivector times a scalar.
In (19.18) and (19.19) J,, is nuclear spin, a bivector.

ejees3p.-J, (19.19)
The dot now denotes the Gibbs dot product. Note that in Clifford notation

pe'Jn#pe.Jn

The Clifford algebra dot product is only equal to the Gibbs dot product when two
vectors are involved. That is, a - b = a @ b only when a and b are vectors. In equation
(19.17) p; is a vector and J; is a bivector (axial vector (¢sr x v;)). If we work only
with the expression peyJnz + PeyJny + peJyn. and write the interaction, F,, in Gibbs
notation as

F..=p. Jn (19.20)

then we have to look at the individual terms p. and J,in (19.20) under inversion
as done in Burcham and Jobes. It is interesting to do this anyway since it gives a
clear physical picture of what happens to p. and J,, under inversion. One can see
that p. - J,, changes sign under inversion since J is an axial vector r x p that does
not change sign under inversion, however p; is a polar vector, that is, a directed line
segment vector, and does change sign. Thus the dot product of p and J does change
sign under inversion. This interaction may be realized in 5 decay where the parent
nucleus has spin J,,, an axial vector, and p,. is a polar vector, the linear momentum
of the emitted electron. An asymmetry in the angular distribution of the electrons
measured with respect to the nuclear spin direction, that is, a net value of p.-J,
in that direction would constitute proof of lack of invariance under parity, that is,
under inversion of the experiment through the origin.

Fig 19.1 shows experimental results as described by Burchan and Jobes. They
do not discuss the results. Fig. 1(a) shows electrons emitted in the direction of the
momentum polar vector p,. Fig. 1(b) is the mirror reflection. Fig. 1(c) is the rotation
of Fig. 1(b) by 180°. These two operations are equivalent to inverting the experiment
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through the origin. Imagine the inverted experimental result depicted by Fig. 1(c) to
be placed next to the original experiment Fig 1(a). It is clear that they do not give the
same result since the polar vector (electron momentum) has changed sign while the
axial vector (nuclear spin) has not. In the inverted system the electrons are emitted
preferentially along the general direction of the nuclear spin while they are emitted
opposite to J,, the direction of the nucleus spin in the original experiment. The only
way the experiment would satisfy parity invariance is for electrons to be emitted in
equal amounts in both directions in the real experiment. Thus the fact that they are
not emitted in equal amounts proves parity violation can exist in nature.

Reflect Rotate by 180

4 A,

%€
Pe Jn

(a) Mirror (b) (C)
Thus, Original Inverted
I J, A N
f} h
P.
(@) ©
Fig 19.1

This result can also be seen in a different way by referring to the trivector terms
in Egs. (19.11) or (19.15). The interaction is

Bs A Vi = ('UztBsx + UtyBsy + UtzBsz) €jese;3
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Let B have the single component B,,. The interaction must then have the form
F. = (v1.Bs.) e1ege3 — By.pr.e1ee3 vy, ~ Py (19.21)

By Eq. (19.22) ejeqe; is a bivector plus a scalar. Therefore, the interaction de-
scribed by Yang and Lee (Burchan and Jobes, Particle and Nuclear Physics) is not
a weak "force"; it is a bivector. A bivector can represent a torque or angular mo-

mentum, for example.
Some repetitive comments plus Yukawa force:

B,.p:. is a scalar times ej;eses. The latter is a pseudo scalar since
(ereze3) (e1e0e3) = —1 . If we identify B,, with eje;, then B;,ejes corresponds
to a directed plane and does not change its direction when
e; — —e;, e — —ey . However p; is a vector which we identify with e3 and changes
sign when ez — —es . Thus, under inversion

(Bszelez) (Ptez) - (BszeleZ) (_pte3)

That is, under inversion B,, does not change sign, but p;es does change sign. Thus
under inversion the original configuration (a) changes to configuration (¢) which is
different from (a). The emission of electrons in a preferred direction in (a) is reversed
under inversion, (c).

This experiment tells us that the new interaction term B, A v; in Eq. (19.13) does
exist in nature and has been predicted by our generalization of the Biot-Savart and
Faraday laws.

When using the Clifford algebra formulation we can see immediately that
(pe - Jn) e1€2€3 (= J,, A vy) is a pseudo scalar since (ejeses) (ejezes) = —1. That
is, we need only examine the unit vectors in the trivector since the coefficient, a
scalar, does not change sign. It is clear that a sign change occurs under inversion
since (—ep) (—e2) (—e3) = —ejeqe;s.

In the Gibbs form we have only the quantity p.-J,. J, , an axial vector, which
does not change sign under inversion. The vector p., however, does change sign.
Therefore we say that the net quantity p.-J, changes sign under inversion.

It is interesting to note the change that would apply after an interaction involving
massive particles. We began by defining the spacial dependence of the force for a

massless field through the geodesic spreading factor k = 1/r? and a corresponding

d 1 1
potential —1/r so that 7 (—— = —. However, for massive particle exchange in an
r r

interaction this potential must be multiplied by the Yukawa factor e ™" to obtain
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d (e
the Yukawa force, T (e ) There is nothing in the previous formalism to
mdr \ T

tell us which force law applies.
Differentiation of the Yukawa potential:

d [e ™+ e 1d
F — e — — M7
dr ( T ) 72 Td?”e
e M eTHT d
T2y odr (=pr)

e kT
2

Thus close in F' = -

Farther out F' = “c%_w

The first term in Eq. (19.8), v;(vs-rs), indicates that there may be an interac-
tion of the form

(Utxel + UtyGQ + Utze?:) [st (xt - xs) + Usy (yt - ys) + Vsz (Zt - Zs)]

If real, this defines a scalar field [v, - (x; — x,)| interacting with a vector current v;
to give a vector force v; [v, - (x; — X;)]. The above 3-D equations are generalized to
space-time.

Burchan and Jobes, Particle and Nuclear Physics, p. 369 state that Lee and Yang
pointed out that no experiment had been performed that was sensitive to parity
violating effects and that in order to detect parity violation one would need to observe
a pseudoscalar quantity. In S-decay one suitable pseudoscalar is
J: - ps . A pseudoscalar as an observable which is invariant under rotation but which
changes sign under spatial inversion (the parity operation); the scalar product of a
polar vector and an axial vector is an example of a pseudoscalar. A scalar quantity
on the other hand is invariant under both rotation and spatial inversion. Note that
in the Clifford algebra formulation its square is also —1. The square of the Gibbs
formula, J; - ps, is +1.

The wedge product of the electromagnetic field bivector, F, with velocity vector
Vis

E, E E,
—e; + erg + 763 + B.eie; + Byese + B eze;

=
Il

V = weq+ve +vyes + v.es, Vg = C
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FAV = (FV+VF)/2

FE, E
= €5 {('UxBx + UyBy + UZBZ) €y —+ <UOBQS — ’[)y? + ’UzTy) e

E, E, E E,
+ (voBy + v, == — vz—> e+ (UOBZ — v, =2 + Uy—) eg}
c c c c
E
= e5{(V-B)eO+ [UOBI— (V X —> } e;
C z

E E
voBy— <v X z) ey + [U()BZ — <v X Z) } eg}
y X

E
= €pe1€exes |:(V . B) €y + U(]B — <V X —):| Vg = C

+

19.2 Associative Product of Trivector 7' and Trivector T"

TT = (T"ejeie; + T% egese; + T"Pepeses + T e eses)
/ / ! /
(T 012806162 + T 031806381 + T 023806263 + T 123816283)

_ 012012 | pO3L031 4 0237023 p1237/123
+(T123T'023 _ T023T,123)e0e1 4 <T123T’031 _ T031T'123> €0es

1 <T123T’012 _ T012T/123> e0es + (TOQST’OSI _ T031T’023> 184
I <T012T’023 _ T023T/012) eses + <T012T'031 _ T031T'012> eres
T'T = is the same as the above with signs reversed on bivectors. Therefore
(TT — T'T) /2 = +(T'B7'0% _ 70871200 + (T123T'031 _ T031T’123> €0es
i <T123T'012 _ T012T'123> eges + (T023T’031 - To31T'023> ele,
1 <T012T'023 _ T023T'012> ese; + <T031T'012 _ T012T'031> €263
which is a bivector. Also
(TT' + T'T) /2 = TO27'012 | 70317031 4 0237023 _ pl2sp/1zs

which is a scalar. The sum of the previous two calculations may be performed as
follows:
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Multiply trivectors by —ese; = 1 where e; = epe eqes

012 031 023 123
epe1eze3 (—epe ese;) [T epeiey + T eperes + T epeses + T 816263]
012 031 023 123
= &5 [T%e; + T ey + T%%e; + T ey

= e5[egup + eju; + exus + uses) epey = —1,e,e; = 1, ete.
wo = T uy = T8y =T g = 7012
In general esvec = —veces, e5Biv = Bives, e;Triv = —Trives,

e5QV = QVe5 (QV:S,65)

QV abbreviation for quadvector.
Detail:

TT = €5 [qug + uier + uses + u3e3] €5 [U{)eo + Ullel + Ulgeg + Ugeg] (1922)
= [ugeg + urer + uges + uges] [ugey + uje; + uses + uzes
TT/ = —UOU68080 + uou'leoel + U0U,26062 + uougeoeg
—I—ulu{)eleo + ulullelel + U1U,2€1€2 + ulugeleg
‘I‘U2U68280 + uzulleQel + u2u'2e2e2 + u2u§e2e3
+ugugeseg + usujese; + ususeses + usuzeses
= — (—uougy + uu] + uguy + uzuy)
+ (uguy — uyug) €gey + (uguy — ugty) €9z + (uguy — usug) €pes
+ (uguh — uguy) ereg + (ugu) — ujuy) eze; + (uguy — uguy) eges

= scalar + bivector

19.3 Parity

By the old hypothesis, it was assumed that all interactions are invariant under
spatial inversion: that is under mirror reflection plus rotation by 180°. Lee and Yang
concluded that no experiment had been performed that was sensitive to parity vi-
olating effects; They pointed out that in order to detect parity violation one would
have to observe a pseudoscalar quantity.

Pseudoscalar: Invariant under rotation but changes sign under spatial inversion.
Evaluation of second Term IT in Eq. (19.13), when space vectors v are replaced by
space time vectors V, that is,

v =1,e; +ves+uv,e3 — V=ce+Vv
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Thus

F/, = qqskpg (Vs Ar) o Vy = g kB, o V, = quq.k (B,V, — V,B,) /2 (19.23)

ields Es
F, = Qe qstiok {(Vt : 7) e + E; + v, X By (19.24)

The coefficient of ej is the power required to push ¢; with a velocity v; into the field
E; or the work per unit time done by the field on ¢, v,. The other two vector terms
constitute the usual Lorentz force. The latter yields a positive sign for the force of
qsvs on ¢;vy when both ¢y and ¢; are positive. When one is positive and the other
negative, F, as given by Egs. (19.10), (19.11) is negative, that is, attractive.

Now evaluate the third Term in Eq. (19.13), namely

Fl* = quqpok (Vs A1) AV, = uqkBs AV, = gk (B,V, +V,By) /2 (19.25)

We have replaced V; A By by B; A 'V, to be consistent with our similar reversal to

obtain the proper signs for the electromagnetic force, although
Vt/\Bs EBS/\Vt.

E;
Fis = qitsiohes | (ve - By)eg + By +ve x — (19.26)

The coefficient of eg
Fis = @iqspok (vi - Bs) = ¢iqspk Ve - (Vs X 1yt) (19.27)

describes a new force. It is interpreted as the weak force.

When the Coulomb spatial spreading factor k = 1/4mr? is multiplied by the
Yukawa factor e #/" associated with a massive field, the Yukawa factor e */" ap-
pears naturally in the potential by solving Poisson’s equation V¢ = —u/r. So the
Coulomb potential 1/47r is replaced by e /" /4.

Eq. (19.26) becomes

E;
Fis = aigopoh’es | (vi-Bs)eo + By + vy x — (19.28)

We have replaced k = 1/47r? by k' = e #/" /4wr?. One does not know in advance
that massive particles (bosons) convey the interaction in Eq. (19.28), but experiment
shows this to be so for the weak force. The force term is
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qtqspok’vyys (Ve - B) ereses. When we express this as contribution to the potential it
is written

P = —qqspok’ (vi- By)ereses (19.29)
K = e M /4y

We have replaced 1, Eq. (19.28), by 1, although experiment indicates that ug = pq
within experimental error. In Eq. (19.29) e;ese; tells us that the term (v, - B;) ejese;
changes sign under inversion (e; — —e;, €3 — —eq, €3 — —e3) without our exam-
ining

v; - B,. ejeses is simply a label that tells what kind of a quantity v, - B, is. v; - By
at first glance looks like a scalar; however, since

(vi - Bsereges) (v - Biejeges) = — (vy - BS)2 and (618263)2 = —1, it is not a scalar
but a pseudo scalar, that is, its sign changes when the quantity is squared.

19.4 Remarks on Inversion
A 3-vector polar vector changes sign under inversion
r = xre; + yeq + zes
This may be seen by reversing the signs of the coefficients + — —uz,

y— =y, z— —2
r —r' = —(xe; +yey + ze3)
or by reversing the sign of the unit vectors e; — —e;, e — —es, €3 — —e3

The space time 4-vector behaves under inversion as:

S = Sg€y + re; + yeq + zes

as s—s "= spey— (re; + yes + ze3)

The space part changes sign. To change sign overall requires s — —sg or eg — —ey.
The electric field defined by

q r
E= —
Arteg 12
changes sign under inversion.
The magnetic field defined by
MgV XT

4 3
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does not change sign under inversion, since under space inversion
VvV = :tel + yeg + 7363 —_— - (x'el —+ yeg —+ 263)

changes sign since & = dx/dt changes sign if t — —z and t — t.

Velocity changes sign if + — = and t — —t. If both + — —x and ¢t — —t then
velocity does not change sign. Thus velocity does not change sign under space and
time inversion.

The latter may be seen when the velocity is written as a 4-vector

(ceo + e +yey + zez)  (epc+ V)

V1—v2/c? /1=

V:

When written as a space-time vector, the behavior of velocity under space time
inversion may be seen by examining the behavior of the unit vectors

€y — —¢€o, € — —€y, €y — —€y, €3 — —€s, epel = —1
E, E E
Yy z
FV = (76061 + 78062 + 76063 + Bzeleg -+ Byegel —+ Bxegeg
(voeo + vz€1 + vyes + v,e3)
EII xX ECC xX
= —1ype] + —u,€ey + —Vy€0€1€2 — —V,€p€e3€e;
c c c c
By By Ey Yy
+—vp€2 — —U,€p€1€2 + —V, €9 + —V,€p€2€3
c c c c

EZ EZ EZ z
+—"vp€3 + —v€0€381 — — U, €p€2€3 + — V€
c c c c

—i—Bzvoeoeleg — Bzvxeg + Bzvyel + Bzvzelegeg
+Byvoepeze; + Byves + Byveeses — Byv.e;

—|—BIU0€0€2€3 + vaxelegeg — vayeg, + vazeg



FV

For vy = ¢

FV

VF =

VF =

E E
= (v-—)e0+E+v><B+e5 (v-B)e0+cB—(vx—)]
c

—VUp—€9 — Up—
c

—V,—€pe3€eq
c

19.4 Remarks on Inversion
FE, E, E, E, E, E,
—e+—e+ —e3 |+ | —VUs+—U,+—0, | €
c c c c c

E E E E
+ (—xvy — —yvm) epe1es + (—va — —mvz) epese;
C C

+Bzvoeoe1e2 + (Bazvz - Bzvz) e + (Bzvy - Byvz) €1
+ (B,v, + Byv, + B,v,) erezes + Byugepese; + Byvgepeqes
+B,vpeperes + (Byv, — Byvy) es

E

c

= cey+V

T Y z
(ceg + vy€1 + vyes + v.e3) <—e0e1 + —epey + —epes
C C C

+ B.eje; + Byege; + Bxe293>

E, E E,

—c—e; —c—ey — c—e3 + cB.eyeies + cByepese; + cBepese;
c c c

E, E,

C
E, E E.

T

E E
Vo— + (V—) e0+voe5B—e5 <V X —) + (V X B) + e; (V'B)eo
C Cc Cc
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E.
epeiey + v, —egpese; + v, B.e; — v, Byes + v, B, e eze;s
c
+vy,—e€pe;ey — vy—yeo — vy—epeses — v, B.e; + v, Byejees + v, B e3
c c c

E
y z
+ vz7e0e2e3 — Uz7e() + Uszelege:g + UZByel — UZBJ;GQ
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E, E, E, E
VF = —¢ (—e1 + e, + —eg) +escB — (v . —) e+ (V. E, —v.E,) eperes
c c c
+ (vg B,)es + (v,B, — v, By) es + (v.B, — v, B,) e
+ (v, B + vyB +v,B,) e1ese3 + (v, B, — v, Ey) eperey
+

o 2 By
’UZ— — ’Uy epeqses + 7 — 027 epese; + (V . B) (STSHISE]

VF = —%—(v C)e0+ce5B—e5(Vx%>—(va)+e5(v-Be0)
F;V _ w:e5{<v-%)eo+E+(va)}
F/;V = w:eg)[(v-B)eo—l—cB]
FeV = M:%[eoqLEs—l—vths]
FAV = w = e5[(vi - Bs) eg + ¢By]

As we have seen, forces mediated by massless particles spead out in accordance
with the geodesic spreading factor 1/r?. This in turn may be associated with a

d (1 1
tential 1/7 50 —— (=) = =
potential 1/r so o ( )

r 72

Brief comment on massive particles as force mediators.
If the interacting particles are massive the potential must be modified by the

d [eHT
Yukawa factor e #/" so that the force goes as o ( ) . Assume energy loss
r r

proportional to mdr. Then

dm m m

dm = —pumdr, /— = —pudr log— = —p(r —ro) 0 g Hlr=ro)

The potential change represents energy change. m = mge ™" represents mass as
a function of r, which in turn is energy change. Total energy at position r goes as

1
——e ", the product of the two factors. The subsequent force as a function of r goes

,
s d (e H"
dr r '




